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[1] Solar radiation at the land surface is influenced by slope, aspect, shadows, and
obstruction of the sky, all of which vary over a wide range of length scales in regions of
complex topography, with important consequences for the surface energy balance.
Atmospheric models, however, generally assume the surface to be flat on subgrid scales.
For four areas in North America, ranging in latitude from 39N to 69N and in topography
from rolling to mountainous, we simulate spatial patterns of clear-sky incoming solar
radiation. It is found that distributions of slope components and variations in shaded area
with solar elevation can be approximated by simple functions that scale to each of the
areas studied. From these results, parametrizations are developed for averages, standard
deviations, and distributions of direct-beam and diffuse solar radiation. Results from these
parametrizations, and from a modified form of a simpler parametrization presented
previously, compare well with statistics from the spatial simulations. The only topographic
input required by the parametrizations is the standard deviation of slope components; this
parameter is again found to have simple scaling relationships with the resolution and
extent of the underlying elevation grid and with the standard deviation of elevation.
Citation: Essery, R., and D. Marks (2007), Scaling and parametrization of clear-sky solar radiation over complex topography,
J. Geophys. Res., 112, D10122, doi:10.1029/2006JD007650.
1. Introduction
[2] Land surface models are used in atmospheric models
to calculate fluxes of heat and moisture as lower bound-
ary conditions for differential equations representing the
dynamics and thermodynamics of the atmosphere. Surface
state variables such as snow cover and soil moisture are
also modelled, and land surface models are increasingly
being used to calculate carbon fluxes and storage in
coupled climate and carbon cycle models [Cox et al.,
2000]. The properties of the land surface and the mete-
orology of the lower levels of the atmosphere are inva-
riably heterogeneous on the scales of the grids on which
these models are applied—kilometers for mesoscale at-
mospheric models to hundreds of kilometers for global
climate models. Several approaches have been adopted
for dealing with landscape and meteorological heteroge-
neity. Distributed models with high-resolution grids (tens
of meters) have been used extensively to model processes
such as snowmelt [Kirnbauer et al., 1994; Marks et al.,
1999], but they are prohibitively expensive for application
over large areas. Models using effective parameters de-
scribing subgrid surfaces as a whole are much more
economical, but due to nonlinearity in the processes
involved, there are unlikely to be simple relationships
between local and effective parameters [Shuttleworth,
1988]. Land surface heterogeneity has been represented
by gathering distinct surface types within grid cells into
homogeneous tiles for which calculations are performed
separately [Avissar and Pielke, 1989; Koster and Suarez,
1992; Essery et al., 2003], and an analogous approach has
been used to account for variations in air temperature and
precipitation due to subgrid orography by dividing grid cells
into fixed elevation bands [Arola and Lettenmaier, 1996;
Essery, 2003] or using a dynamic snowline [Walland and
Simmonds, 1996; Sloan et al., 2004]. The Me´te´o France
Safran-Crocus-Mepra system [Durand et al., 1999] divides
massifs into elevation and aspect bands to model snowpack
conditions for avalanche forecasting, but this level of
sophistication is unfeasible for large-scale models. Avissar
[1992] suggested a statistical-dynamical approach to repre-
senting surface heterogeneity by integrating the energy
balance over probability density functions for surface
parameters and illustrated this by coupling a one-dimen-
sional atmospheric model to a land surface model with a
distribution of stomatal conductances. Probabilistic
approaches have been more commonly used in hydrological
models to represent subgrid variations in surface character-
istics such as infiltration capacity [Wood et al., 1992]. For
meteorological variables, rainfall distributions are often
used in models of infiltration and runoff [Shuttleworth,
1988], and Bowling et al. [2004] used a parametrization
of windflow distributions over topography developed by
Essery [2001] in a model of snow redistribution. An
analogous approach might be used to parametrize the
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influences of spatial variations in meteorology on the
surface energy balance.
[3] Solar radiation incident on the land surface under clear
skies varies strongly with slope and aspect and on whether or
not the surface lies in the shadow of remote topography; the
relative importance of these factors in generating spatial
variability in surface radiation has been investigated by
Oliphant et al. [2003]. Solar radiation variations have strong
influences on surface energy balances and have been the
subject of long-standing interest [Kondratyev andManolova,
1960; Garnier and Ohmura, 1968], but it was only with the
availability of gridded elevation data sets, powerful com-
puters, and efficient algorithms [Dozier and Frew, 1990] that
simulations over large grids became possible. Simulations of
variations in solar radiation over topography have been used
in predicting things as diverse as snowmelt [Blo¨schl et al.,
1991; Marks et al., 1999; Lundquist and Flint, 2006], soil
temperatures [Fu and Rich, 2002], natural vegetation cover
[Franklin, 1998], crop yields [Reuter et al., 2005], distribu-
tion and energy balance of glaciers [Arrell and Evans, 2003;
Strasser et al., 2004], likely locations for ice deposits in
permanent shadows on the moon [Margot et al., 1999] and
the influences of variations in illumination on remote sensing
[Baral and Gupta, 1997; Agassi and Ben Yosef, 1997].
Climate models and numerical weather prediction models
have, however, almost exclusively assumed the land surface
to be flat on subgrid scales for the purpose of calculating
the radiative components in their surface energy budgets
although Hauge and Hole [2003] investigated the influence
of allowing for sloping but plane grid cells in a high-
resolution mesoscale model, and Mu¨ller and Scherer
[2005] found that implementing a subgrid radiation param-
etrization in a mesoscale model gave better temperature
forecasts. Radiation correction factors can be calculated
explicitly in a preprocessing step and then read from
lookup tables by an atmospheric model, giving no compu-
tational overhead, but this method requires detailed topo-
graphic information. This paper presents an alternative
approach using functional parametrizations based on simple
topographic statistics.
[4] Parametrizations of the spatial average and standard
deviation of direct-beam solar radiation were developed by
Dubayah et al. [1990] for topography with negligible
shading. Statistical characterization of shading in mountain-
ous topography was investigated by Essery [2004], and that
work is extended here to derive statistical characterizations
of solar radiation. Distributions of slope components calcu-
lated from digital elevation models (DEMs) are discussed in
the next section. Parametrizations are then developed for the
average and standard deviation of direct-beam solar radia-
tion, shaded fractions, and sky view factors in section 3;
results from the new parametrization and a modified form of
the parametrization of Dubayah et al. [1990] are compared
with gridded simulations of solar radiation for four sites of
varying topography. Finally, the scaling of the necessary
topographic parameters with the resolution of the DEM is
discussed in section 4.
2. Topographic Statistics
[5] Results will be presented for a transect of North
American sites with contrasting topography and climate:
Trail Valley Creek (69N, 133W) in the Northwest Territo-
ries, Wolf Creek (60N, 135W) in the Yukon, Reynolds
Creek (43N, 117W) in Idaho, and Maroon Creek (39N,
107W) in Colorado. Extensive hydrological and micro-
meteorological investigations have been conducted in all
of these regions. The Trail Valley Creek and the Wolf Creek
Research Basin were the study sites for the Mackenzie
GEWEX study (Rouse, 1999). The Reynolds Creek Exper-
imental Watershed has been used for hydrological research
and monitoring since 1960 [Slaughter et al., 2001]. Maroon
Creek lies within the Large Regional Study Area of the
NASA Cold Land Processes Experiment (CLPX; Cline et
al., 1999) and was selected here as an area of particularly
steep and anisotropic topography. Data from Wolf Creek,
Reynolds Creek, and CLPX sites in Colorado are also being
used in a study of snow processes in North American
mountain environments under the GEWEX Americas Pre-
diction Project. Figure 1 shows the contour maps for each
site, shaded with the conventional illumination from the
northwest; a 12  12-km2 area with elevations specified
by a 30-m DEM is shown in each case. Edge effects will
be reduced by only calculating topographic and radiation
statistics for the central 10  10-km2 areas (comparable in
size to the grid cells of a mesoscale model). Average slopes
are 2 for Trail Valley Creek, 13 for Wolf Creek and
Reynolds Creek, and 27 for Maroon Creek.
[6] In terms of partial derivatives of elevation z with
respect to horizontal distances x (increasing toward the east)
and y (increasing toward the north), the component of the
surface slope along azimuth f is
s fð Þ ¼ cosf @z
@y
 sinf @z
@x
; ð1Þ
where the solar convention that azimuths are measured as
positive anticlockwise from south has been used. The
average of s will be close to zero for a large area without a
significant overall slope, and equation (1) then gives the
variance as
s2 fð Þ ¼ sin2 f @z
@x
 2
þ cos2 f @z
@y
 2
 2 sinf cosf@z
@x
@z
@y
;
ð2Þ
which, for moderate anisotropy, can be approximated by an
ellipse
s2 fð Þ ¼ sþs
s2þ  s2þ  s2
 
cos2 f fþ
  ; ð3Þ
where s+ is the maximum value of s, f+ is the azimuth for
which it occurs, and s is the minimum value in the
perpendicular direction. Topography that is statistically
isotropic gives a constant value of s for all azimuths; a
necessary condition for this to occur is that slope
components in perpendicular directions are uncorrelated.
Standard deviations of slope components calculated from
the DEMs are shown in Figure 2. The standard deviation for
Trail Valley Creek is small (0.04) and nearly independent of
azimuth. Wolf Creek and Reynolds Creek have similar
standard deviations (around 0.2) although Wolf Creek
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shows more anisotropy. Maroon Creek has the largest
standard deviation (averaging 0.4) and a clear anisotropy,
with larger standard deviations for slope components across
the main ridges; equation (3) fits the azimuth dependence
well.
[7] Essery [2001] found that distributions of slope com-
ponents for Trail Valley Creek had broad tails and could be
approximated by a Laplace distribution
p sð Þ ¼ 1ﬃﬃﬃ
2
p
s
exp 
ﬃﬃﬃ
2
p jsj
s
 
ð4Þ
with zero mean and standard deviation s. The same
function was found to give reasonable approximations to
slope component distributions for tundra topography in
Alaska [Bowling et al., 2004] and mountainous regions in
North Wales and the French Alps [Essery, 2004]. Figure 3
shows the distributions of southerly slope components,
normalized by their standard deviations so that they can be
compared with a single Laplace distribution, for each of the
sites studied here. The fits are not exact and would be
rejected by chi-square tests, but the true test for the use of
the Laplace distribution here will be how well it predicts
Figure 1. Contour maps shaded with illumination from the northwest at an elevation of 45 for (a) Trail
Valley Creek, (b) Wolf Creek, (c) Reynolds Creek, and (d) Maroon Creek. The areas shown are 12 
12 km2, and the contour interval is 10 m in Figure 1a, 50 m in Figures 1b and 1c, and 100 m in Figure 1d.
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statistics of radiation distributions in comparison with
gridded simulations.
3. Statistical Radiation Geometry
[8] Many models for calculating distributions of solar
radiation over topographic grids have been developed [e.g.,
Garnier and Ohmura, 1968; Dozier and Frew, 1990;
Dubayah and Rich, 1995; Kumar et al., 1997; Mckenney
et al., 1999; Corripio, 2003], but all of them implement the
same basic geometric principles. The direct-beam solar
radiation on a sun-lit point is lS0, where S0 is the radiation
on a plane perpendicular to the solar rays and the direct-
beam illumination fraction l is given by the scalar product
between unit vectors normal to the slope and in the direction
of the sun, provided that this quantity is positive; slopes for
which it is negative are self-shaded and receive no direct-
beam radiation. Points that are not self-shaded will still be in
shadow if the sun lies below the local horizon, i.e., if the
angle from a point to its horizon in the direction of the sun
exceeds the solar elevation. Separate calculations determine
if a point is either self-shaded or horizon-shaded although,
in fact, any point that is self-shaded is also horizon-shaded
[Koenderink et al., 1999; Essery, 2004]. For solar elevation
q, l is given by
l ¼ sin qþ sk cos q
1þ s2? þ s2k
 1=2 ð5Þ
for sk > tan q, and is zero otherwise, where sk is the
surface slope component in the direction of the solar
azimuth, and s? is the component in the perpendicular
direction; l is more commonly expressed as a function of
slope and aspect angles, but it is given here in terms of slope
components because of the simple scaling form found above
for their distributions.
[9] The fraction of an area that is self-shaded for solar
elevation q is
fself ¼
Z  tan q
1
p sð Þds; ð6Þ
which, with p(s) from equation (4), gives
fself ¼ 1
2
exp 
ﬃﬃﬃ
2
p
s
tan q
 
: ð7Þ
Figure 4a shows self-shaded fractions calculated from the
DEMs for varying solar elevations and a southerly azimuth;
results plotted against s1tanq all fall close to a single curve
defined by equation (7).
[10] For a point on the surface, the horizon angle h in
some direction is the maximum angle to any other point on
the surface in that direction [Dozier and Frew, 1990], and
so, over a large enough area, horizon angles can be expected
to have a cumulative probability following the extreme
value distribution [Gumbel, 1958]
P h > qð Þ ¼ 1 exp  exp a q
b
 	 

: ð8Þ
The parameters of equation (8) are b =
ﬃﬃﬃ
6
p
sh /p and a = h 
gb, where h and sh are the average and standard deviation
of the horizon angles, and g  0.5772 is the Euler’s
constant. Points at which the horizon angle exceeds the
solar elevation are shaded, so the fraction of the surface in
shadow is fshad(q) = P(h > q). Plotting fshad against (q  a)/b,
the simulation results should, again, collapse onto a single
curve; this is confirmed by Figure 4b.
Figure 2. Polar plot of standard deviations of slope
components for Trail Valley Creek (+), Wolf Creek (),
Reynolds Creek (4), and Maroon Creek (). Solid lines are
circles showing average standard deviations, and the dashed
line is an ellipse, defined by equation (3), fitted to the
statistics for Maroon Creek.
Figure 3. Distributions of normalized southerly slope
components (symbols as in Figure 2). The line is a Laplace
distribution.
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[11] Neglecting horizon shading for the moment, average
values of l and l2 are given by the integrals
l ¼
Z 1
 tan q
dsk
Z 1
1
ds?
sin qþ sk cos q
1þ s2? þ s2k
 1=2 p sk; s?  ð9Þ
and
l 2 ¼
Z 1
 tan q
dsk
Z 1
1
ds?
sin qþ sk cos q
 2
1þ s2? þ s2k
p sk; s?
 
; ð10Þ
from which the standard deviation of l is found as sl = (l2 -
l
2
)1/2. Assuming a uniform distribution of slope aspects and
constant slope angle, and neglecting self-shading, Dubayah
et al. [1990] were able to evaluate integrals analogous to
equations (9) and (10) analytically to find
l ¼ cosy sin q ð11Þ
and
sl ¼ 21=2 siny cos q ð12Þ
for average slope angle y. The standard deviation of slope
components along any azimuth for this distribution is 21/2
tan y, suggesting alternative formulations
l ¼ cos tan1
ﬃﬃﬃ
2
p
s
 
sin q ð13Þ
and
sl ¼ 21=2 sin tan1
ﬃﬃﬃ
2
p
s
 
cos q: ð14Þ
[12] The joint probability p(sk, s?) separates into the
product p(sk)p(s?) for isotropic topography, but the integrals
in equations (9) and (10) are intractable for the distribution
given by equation (4), so some numerical or approximate
techniques are required to evaluate them. Monte-Carlo
integrations can be performed by generating two series of
random numbers following equation (4) and averaging
values of l and l2 calculated from equation (5) using these
series as sk and s?; correlated or uncorrelated series can be
used as necessary. This procedure is useful for investigating
the behaviors of the integrals, but the calculations are still
expensive, and analytic approximations would be more
useful for practical applications. Replacing s2? + s
2
k in the
denominators of equations (9) and (10) by the expectation
value 2s2, the integrals can be approximated by
l ¼ sin qþ 2
1=2s fself cos q
1þ 2s2ð Þ1=2
ð15Þ
and
l2 ¼ 1þ 0:2s
3ð Þ sin2 qþ s2 1 fselfð Þ cos2 q
1þ 2s2 : ð16Þ
The s3 term in equation (16) is an empirical correction to
match the s dependence found in Monte-Carlo integrations
at large solar elevations. These expressions include self-
shading but not horizon shading. Assuming random overlap
of shadows gives the corrections
l ¼ 1 fshad
1 fself
 
sin qþ 21=2s fself cos q
1þ 2s2ð Þ1=2
" #
ð17Þ
and
l 2 ¼ 1 fshad
1 fself
 
1þ 0:2s 3ð Þ sin2 qþ s2 1 fselfð Þ cos2 q
1þ 2s2
	 

:
ð18Þ
Figure 4. (a) Self-shaded fractions and (b) horizon-shaded
fractions against scaled solar elevation (symbols as in
Figure 2). The lines are taken from equation (7) in Figure 4a
and equation (8) in Figure 4b.
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[13] The average l and the normalized standard deviation
sl /s from simulations and parametrizations are shown for
the extreme cases of Trail Valley Creek and Maroon Creek
in Figures 5 and 6, respectively. Although the maximum
solar elevation is 44 for Trail Valley Creek and 74 for
Maroon Creek, the results are shown for the full range of
solar elevations up to 90 for generality. Equations (11), (13),
and (17) all give good estimates of l; indeed, for the gentle
topography of Trail Valley Creek in Figures 5a, the three
lines are indistinguishable. For sl, the standard deviation
calculated using equations (17) and (18) follows the simu-
lations well at all solar elevations. Results from equations
(12) and (14) do not follow each other exactly because the
relationship between average slope angle and s noted above
does not hold exactly for the real topographic distributions.
Equation (14) generally matches the simulation results
better than equation (12) but deviates at low and high solar
elevations; these discrepancies may not be significant in
practice because incoming radiation is limited by long
atmospheric path lengths at low solar elevations, and high
solar elevations will not occur at high-latitude sites or
during winter [Dubayah et al., 1990].
[14] In addition to direct-beam solar radiation, the surface
receives diffuse radiation from the sky and, for nonflat
surfaces, radiation reflected from surrounding terrain. Sky
Figure 5. (a) Averages and (b) scaled standard deviations of
direct-beam illumination fraction against solar elevation for
Trail Valley Creek. Markers are from simulations, dotted lines
are from equations (11) and (12), dashed lines are from
equations (13) and (14), and solid lines are from equations (17)
and (18).
Figure 6. Same as Figure 5, but for Maroon Creek.
D10122 ESSERY AND MARKS: SOLAR RADIATION OVER COMPLEX TOPOGRAPHY
6 of 12
D10122
view has important influences on diffuse solar and thermal
radiation at the surface in steep topography. A sky view
factor can be calculated for a point by projecting the visible
parts of the sky onto the surface, giving
v ¼ 1
2p
Z 2p
0
df
2 cos2 h sk p 2h sin 2hð Þ
2 1þ s2? þ s2k
 1=2 : ð19Þ
Integrating over distributions of h, s?, and sk for isotropic
topography, noting that the horizon angle in any direction is
greater than or equal to tan1 sk and changing the order of
integration, gives the average sky view as
v ¼
Z 1
1
p s?; sk
 
ds?dsk
1þ s2? þ s2k
 1=2
Z p=2
tan1 sk
dh p hð Þ
 cos2 h sk p
2
 h 1
2
sin 2h
 	 

: ð20Þ
Equation (20) can again be evaluated by a Monte-Carlo
integration, this time generating three random series for sk,
s?, and h, and rejecting samples for which sk > tan h.
Calculated values are shown in Figure 7a and compared with
the results from simulations. A power law v = 1  0.57s5/3
gives a good fit to the results. Standard deviations of v, shown
in Figure 7b, have more scatter, but a linear relationship sv =
0.14s fits quite well. To extend the range of the simulations,
sky view was also calculated after rescaling the elevation
range of the Maroon Creek DEM by varying amounts; the
results from these simulations are shown by circles in
Figure 7 and also fall close to the fitted lines.
[15] Solar radiation at the surface depends on topography,
latitude, season, time of day, cloud cover, and turbidity of the
clear air. Climate models include sophisticated atmospheric
radiation schemes [e.g., Edwards and Slingo, 1996], and a
range of models are available for stand-alone applications
[e.g., Dozier, 1980]. Here diurnal variations in clear-sky
direct-beam and diffuse solar radiation, Sdir and Sdif, respec-
tively, on a level surface are simulated at 30-minute intervals
for each site using the Image Processing Workbench (cirque.
nwrc.ars.usda.gov/~ipw). Local surface fluxes of solar
radiation over topography are then calculated from
S ¼ l S0 þ vSdif ; ð21Þ
where S0 = Sdir /sinq. A first approximation for terrain
reflections can be included with the modification
S ¼ lS0 þ vSdif
1 1 vð Þa ð22Þ
and a seasonal estimation of surface albedo a; reflected
radiation can be important for high albedo snow surfaces,
but this is neglected here. From equation (21), the spatial
average of solar radiation is
S ¼ lS0 þ vSdif ; ð23Þ
and the variance is
s2S ¼ s2l S20 þ s2vS2dif þ 2cov l; vð ÞS0Sdif ; ð24Þ
where sl
2 and sv
2 are the variances of l and v, respectively,
and cov(l, v) is their covariance. Some covariance can be
expected, as locations with restricted sky view are also
likely to receive little direct illumination, but the contribu-
tion from the covariance term turns out to be small in
simulations of sS.
[16] Figures 8 and 9 show spatial averages and standard
deviations in simulated clear-sky solar radiation for
15 January and 15 June, respectively, at each of the sites.
The peak radiation for Reynolds Creek in fact exceeds that
Figure 7. (a) Averages and (b) standard deviations of sky
view factors for the four sites (symbols as in Figure 2) and
rescaled Maroon Creek topography (circles). Solid lines are
a fitted power law in Figure 7a and a linear relationship in
Figure 7b, and the dashed line in Figure 7a is given by
Monte-Carlo integrations of equation (20).
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for Maroon Creek in June despite the former’s more north-
erly location. The standard deviation of solar radiation is
limited at low solar elevations by the low incoming radiation
and at high solar elevations by the reduction in shading,
giving a maximum at an intermediate elevation that depends
on optical depth [Dubayah et al., 1990; Oliphant et al.,
2003]; this accounts for the ‘‘M’’ shape seen for Reynolds
Creek and Maroon Creek in Figure 9b. Despite the anisot-
ropy of the topography, statistics from the simulations are
nearly symmetrical about solar noon even for Maroon Creek.
[17] Simulation results in the figures are compared with
the modified form of the parametrization of Dubayah et al.
[1990] given by equations (13) and (14) and the new param-
etrization given by equations (17) and (18) in Figures 8 and 9.
Both parametrizations give extremely good estimates of
averages and fairly good estimates of standard deviations
of solar radiation. Root mean square errors in averages and
standard deviations for the original and modified forms of the
parametrization of Dubayah et al. [1990] and the new
parametrization are given in Tables 1 and 2 for each site
and each month of the year. The new parametrization
generally gives the best results, especially for standard
deviations, but the modified parametrization often gives very
similar or even slightly better results.
[18] Results presented here are for clear-sky conditions.
The effect of partial cloud cover can easily be incorporated in
the parametrization if orographic effects do not lead to clouds
forming in strongly preferential locations; for random over-
lap of topographic shadows and cloud shadows covering
Figure 9. Same as Figure 8, but for 15 June.
Figure 8. (a) Averages and (b) standard deviations of
simulated clear-sky solar radiation on 15 January for the
four sites (symbols as in Figure 2). Dotted lines are from
equations (13) and (14), and solid lines are from equations (17)
and (18).
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fraction fcloud, adjusted values are given by multiplying
equations (17) and (18) by (1  fcloud).
[19] A statistical-dynamical surface energy balance
model incorporating subgrid variations in solar radiation,
analogous to the model of Avissar [1992], would require
probability distributions of radiation. Distributions of
direct-beam illumination and slope components are related
through
p lð Þ ¼ p sð Þ ds
dl
ð25Þ
for l > 0, and p(l = 0) = fself. Expanding equation (5) to first
order gives l = sinq + sk cosq; putting this in equation (25)
and scaling to allow for the fraction of the surface that is in
shadow but not self-shaded gives
p lð Þ ¼ 1 fshad
1 fself
 
1ﬃﬃﬃ
2
p
s cos q
exp 
ﬃﬃﬃ
2
p jl  sin qj
s cos q
 
: ð26Þ
Equation (26) matches simulated illumination distributions
well for Trail Valley Creek, Wolf Creek, and Reynolds
Creek but gives distributions that are a little too sharply
peaked for the steeper topography of Maroon Creek;
comparisons are shown for Wolf Creek in Figure 10a and
for Maroon Creek in Figure 10b. Distributions of sky view
factors, shown in Figure 11 for Reynolds Creek and Maroon
Creek, are negatively skewed and bounded above by 1;
gamma distributions for 1  v give good fits.
4. Scaling
[20] Dubayah et al. [1990], Mckenney et al. [1999], and
Pohl et al. [2006] have discussed the influence of DEM
Table 1. Root Mean Square Errors for Estimates of the Average
Solar Radiation at Each Site and for the 15th Day of Each Month
From Equations (11), (13), and (15)
Month
Site
TVC WC RC MC
Equation
(11) (13) (15) (11) (13) (15) (11) (13) (15) (11) (13) (15)
Jan 0.00 0.00 0.00 0.06 0.07 0.30 2.23 2.08 2.14 7.75 3.94 4.78
Feb 0.05 0.05 0.05 0.56 0.26 0.40 3.77 3.61 3.61 9.47 3.05 5.57
Mar 0.32 0.30 0.30 1.40 0.35 0.49 5.99 5.71 5.69 10.7 2.24 4.89
Apr 0.69 0.61 0.62 2.55 0.66 0.72 8.39 7.89 7.86 11.5 5.24 3.88
May 0.93 0.80 0.80 3.53 1.13 1.01 9.84 9.12 9.09 11.3 8.45 3.30
Jun 1.02 0.86 0.86 3.97 1.40 1.19 10.4 9.53 9.49 10.9 10.0 3.26
Jul 0.98 0.83 0.83 3.78 1.29 1.12 10.1 9.34 9.30 11.0 9.37 3.24
Aug 0.80 0.70 0.70 2.99 0.86 0.84 9.01 8.43 8.39 11.4 6.75 3.48
Sep 0.48 0.43 0.43 1.84 0.43 0.56 6.97 6.63 6.60 11.0 3.35 4.28
Oct 0.14 0.13 0.13 0.87 0.29 0.36 4.57 4.40 4.38 9.78 2.16 5.19
Nov 0.00 0.00 0.00 0.18 0.10 0.34 2.66 2.52 2.55 8.21 3.53 5.07
Dec 0.00 0.00 0.00 0.06 0.07 0.18 1.90 1.74 1.81 7.15 3.95 4.34
Table 2. Root Mean Square Errors for Estimates of the Standard
Deviation in Solar Radiation at Each Site and for 15th Day of Each
Month From Equations (12), (14), and (16)
Month
Site
TVC WC RC MC
Equation
(12) (14) (16) (12) (14) (16) (12) (14) (16) (12) (14) (16)
Jan 0.00 0.00 0.00 0.15 0.84 0.08 3.17 1.56 0.52 4.18 11.4 3.40
Feb 0.19 0.03 0.03 1.52 2.06 0.72 4.99 1.72 0.64 5.98 12.4 5.56
Mar 1.29 0.23 0.23 4.55 3.40 2.24 7.09 1.45 1.09 8.43 12.4 8.35
Apr 2.77 0.49 0.49 7.58 4.95 4.11 9.17 1.35 1.49 11.1 10.1 9.63
May 3.75 0.66 0.65 9.60 5.23 4.75 10.5 2.56 1.91 13.8 7.58 8.43
Jun 4.14 0.72 0.71 10.5 5.09 4.77 11.1 3.50 2.19 15.6 8.11 7.54
Jul 3.97 0.70 0.68 10.1 5.13 4.75 10.9 3.09 2.07 14.8 7.64 7.84
Aug 3.22 0.57 0.57 8.49 5.08 4.45 9.72 1.77 1.63 12.1 8.43 9.07
Sep 1.92 0.34 0.34 5.88 4.08 3.10 7.92 1.22 1.25 9.50 11.3 9.13
Oct 0.57 0.10 0.10 2.79 2.42 1.25 5.77 1.58 0.81 6.95 12.2 6.73
Nov 0.01 0.01 0.01 0.35 1.16 0.23 3.76 1.51 0.51 4.55 11.2 4.06
Dec 0.00 0.00 0.00 0.13 0.46 0.03 2.67 1.52 0.48 4.04 11.2 2.92
Figure 10. Distributions of direct-beam illumination
fraction from simulations with solar elevations of 10 (+),
30 (), and 50 () for (a) Wolf Creek and (b) Maroon
Creek. The lines are from equation (26).
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resolution on statistics of simulated radiation distributions
over moderate topography. The standard deviation of
slope components emerged above as the parameter con-
trolling averages and standard deviations of solar radiation
over topographic surfaces. Because calculated slopes will
decrease as the resolution of the DEM decreases, conside-
ration has to be given to how s scales with resolution.
For the Trail Valley Creek topography, Essery [2001]
found that slope components have an approximately
exponential autocorrelation. Sampling topography with
exponentially autocorrelated slopes and correlation length
x at resolution Dx gives the standard deviation
s Dxð Þ ¼ s0 2xDx 1þ
x
Dx
eDx=x  1
 	 
 1=2
; ð27Þ
where s0 is the value approached asymptotically for
vanishing Dx. Standard deviations calculated by resampling
DEMs at progressively coarser resolutions are shown and
compared with equation (27) in Figure 12. Correlation
lengths obtained by least squares fits to equation (27) are
65, 100, 62, and 91 m for Trail Valley Creek, Wolf Creek,
Reynolds Creek and Maroon Creek, respectively. Scaling
Dx by these correlation lengths collapses the results onto a
single curve.
[21] Horizon angles and sky view are much more expen-
sive to compute than slope components. It was shown above
that the average sky view factor scales as a power of s,
giving a more convenient parametrization. Under a rescal-
ing z ! lz for a particular topography, s ! ls and h !
tan1(ltanh)  lh for every horizon angle, suggesting a
linear scaling of horizon angle statistics with s. In fact, it is
found that linear fits h = 35.7s and sh = 32.7s give errors of
less than 2 and r2 exceeding 0.97 in comparison with
horizon angle calculations for the four sites.
[22] Although calculations of slope statistics are expen-
sive for applications in models with large grid cells or a
large number of cells, these calculations are straightforward
and need only to be performed once [Mu¨ller and Scherer,
2005]. Alternatively, standard deviations of slope compo-
nents might be parametrized as a function of standard
deviations of elevation on the assumption that both meas-
ures will have larger values for more mountainous topog-
raphy; standard deviation of elevation is already commonly
used as an input to atmospheric models for parametrizations
of orographic drag [Milton and Wilson, 1996]. Figure 13
shows standard deviations of slope components against
standard deviations of elevation for the four sites considered
here and for 132 separate 12  12 km areas covering the
Colorado Rockies. Standard deviations of slope and eleva-
tion have correlations of 0.97 for the four sites and 0.64 for
the Colorado DEM samples; the best fit is given by s =
L1sz with L  900 m in both cases.
[23] In addition to variations in radiation, coupled surface
energy and mass balances are also influenced by variations
in air temperature, wind speed, and precipitation with
elevation. Slope and elevation vary on a range of length
scales in regions of complex topography. Variability length
scales can be investigated by calculating average standard
deviations for samples of area L2 within a DEM and by
varying the sample length scale L. Figure 14a plots standard
deviations of southerly slope components scaled by values
for the entire DEMs against L scaled by the correlation
lengths determined above. The results for the four sites
again fall close to a single curve and show that 50% of the
standard deviation in slope components is accounted for by
variations on scales shorter than 2x. There is more scatter
between sites in standard deviation of elevation (Figure 14b),
but less than 10% of the standard deviation is captured by
sampling on length scale 2x in all cases. This is not a
surprising result; slope components are partial derivatives of
elevation, and the differentiation can be regarded as a filter
Figure 11. Simulated distributions of sky view factors for
Reynolds Creek (4) and Maroon Creek (). The lines are
gamma distributions of 1  v.
Figure 12. Standard deviations of slope components
against DEM resolution Dx scaled by correlation length x
(symbols as in Figure 2). The line is given by equation (27).
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amplifying short-wavelength fluctuations in Fourier space.
The scale separation suggests that elevation band models
intended to represent large-scale influences of elevation
could be modified to include small-scale radiative influen-
ces of slope and aspect.
5. Conclusions
[24] Statistical descriptions of topography and simulated
clear-sky solar radiation were considered for the four areas
in North America. It was found that slope components and
horizon angles could be described by Laplace and extreme
value distributions, respectively. From these distributions,
parametrizations were developed for the fraction of the
surface in shadow and for spatial averages, standard devia-
tions, and distributions of direct-beam and diffuse solar
radiation. These parametrizations depend on the solar ele-
vation and the standard deviation of slope components
along the solar azimuth, which can be characterized by a
single parameter for isotropic topography or three parame-
ters (variances of westerly and southerly slope components
and their covariance) for anisotropic topography. Inputs of
direct-beam and diffuse solar radiation are also required and
were provided by a two-stream atmospheric radiation model.
Results from the parametrizations compared well with
statistics from explicit simulations of solar radiation over
the four areas. Good results were also obtained using a
modified version of the simpler parametrizations of
Dubayah et al. [1990], even over much more extreme
topography than that for which they were developed.
[25] Standard deviations of slope components were found
to scale with the resolution of the DEM in the same way for
each of the sites and have a linear relationship with standard
deviations of elevation. Correlation lengths are much
shorter for slope components than for elevations, so it
may be possible to separate the influences of slope and
aspect on the surface energy balance from influences of
elevation in parametrizations for areas of high relief. This
investigation has been restricted to mesoscale areas; global
climate models operate on much larger grid scales for which
there will be a greater chance of nonstationarity in subgrid
statistics. More work is required on topographic statistics at
large scales, but a division into elevation bands might again
provide a suitable stratification for parametrizations.
[26] Energy is conserved but radiation density is de-
creased over complex topography because the surface area
contained within grid cells is increased relative to a flat
surface. This directly impacts the surface energy balance,
but subgrid variability will only influence the average
energy balance through nonlinearities. In future work, we
Figure 13. Standard deviations of slope components
against standard deviations of elevation for the four sites
(symbols as in Figure 2) and for 132 separate 12  12 km
areas covering the Colorado Rockies (small crosses).
Figure 14. Scaled standard deviations of (a) slope
components and (b) elevations plotted against scaled sample
length (symbols as in Figure 2).
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intend to investigate this for simulations of snowmelt in
mountainous regions.
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